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On the Transformation of Homogeneous Differential Expressions of the

Second Degree

E. B. Christoffel in Zürich

1.

If one introduces into the differential expression

F =
n∑

i,k=1

ωik∂xi∂xk; i, k = 1, 2, . . . , n,

in which the coefficients ω are arbitrary functions of the mutually independent variables x1, x2, . . . , xn,
a system of mutually independent functions of the new variables x′1, x

′
2, . . . , x

′
n, then F transforms into

a new differential expression

F ′ =
n∑

i,k=1

ω′
ik∂x

′
i∂x

′
k,

which is equivalent to the original due to the performed substitution.
Conversely, if the two differential expressions F and F ′ are given, one can pose the question of

which conditions are necessary for one to be transformed into the other, and, if this is possible, which
substitutions accomplish the required transformation.

For this investigation, we denote the substitution determinant and the determinants of F and F ′

as follows: ∑
± ∂x1

∂x′1

∂x2
∂x′2

· · · ∂xn
∂x′n

= r,∑
± ω11 ω22 · · · ωnn = E,∑
± ω′

11 ω′
22 · · · ω′

nn = E′.

Then, as is known from algebraic invariant theory, one and only one transformation condition holds:

E′ = r2E,

and this would suffice for the present case if the coefficients of F and the elements of r were constant.
However, in the present case, additional conditions must be satisfied, since not every system of linear and
homogeneous functions of ∂x′1, ∂x

′
2, . . . , ∂x

′
n, which, when substituted for ∂x1, ∂x2, . . . , ∂xn, transforms

F into F ′, solves the posed problem, but only those that satisfy the integrability conditions, so that
the expressions for ∂x1, ∂x2, . . . , ∂xn become complete differentials.

If, in general, F is a homogeneous differential expression of arbitrary order, and F ′ is of the same
order, then for the transformation of F into F ′, since linear substitutions apply to the differentials,
the condition equations arising from algebraic invariant theory hold, and the associated forms provide,
when the order of F is greater than 2, generally completely determined values for the coefficients in
the expressions of the original differentials in terms of the new ones to be introduced. However, these
coefficients must still satisfy the associated integrability conditions, where the property of the associated
forms, which directly provide not the direct but the transposed substitution, is essentially taken into
account (cf. § 10).

Such simplifications do not occur for homogeneous differential expressions of the second degree, since
for these, only one invariant and one associated form arise from the algebraic conditions. Therefore,

2



in the following, I will set out the tools by which this exceptional case, so important in various fields,
can be resolved, and I note only that for the case where F = ∂x21 + ∂x22 + ∂x23, an extensive work by
Mr. Lamé exists (Theory of Curvilinear Coordinates)1, while the present investigations were originally
motivated by the extension of the problem of developable surfaces to spaces of n dimensions.

2.

In investigating the conditions necessary and sufficient for the possibility of the equation

(1)
∑

ωik∂xi∂xk =
∑

ω′
ik∂x

′
i∂x

′
k,

I will restrict myself to the case where the determinants E and E′ of these differential expressions
are not identically zero. The new variables x′ are considered independent, and their differentials are
assumed constant.

If one replaces each ∂xi by ∂x′i + δx′i and denotes the increments of the original variables corre-
sponding to the differentials δx′i and δxi by the variable x, then in (1), generally, ∂x must be replaced
by ∂x+ δx.

If one then expands the squares and products on both sides, it follows after eliminating identical
terms:

(2)
∑

ωik∂xiδxk =
∑

ω′
ik∂x

′
iδx

′
k.

Comparing the coefficients of ∂x′g, it follows∑
ik

ωik
∂xi
∂x′g

δxk =
∑
k

ω′
gkδx

′
k,

and from this

(3) δx′h =
∑
gik

ωik

E′
gh

E′
∂xi
∂x′g

δxk,

where E′
gh denotes, in the known manner, the subdeterminant of E′ arising from a change in ω′

gh (not
ω′
hg).
In equation (2), let each x′ increase by its differential dx′, and in (1), by δx′, whereby the differentials

on the right side remain unchanged; then it follows:∑
ωik∂

2xiδxk +
∑

∂ωik∂xiδxk +
∑

ωik∂xi∂δxk =
∑

∂ω′
ik∂x

′
iδx

′
k,∑

δωik∂xi∂xk + 2
∑

ωik∂xiδ∂xk =
∑

δω′
ik∂x

′
i∂x

′
k.

Dividing the second equation by 2 and subtracting it from the previous one, it follows∑
ωik∂

2xiδxk +
∑

∂ωik∂xiδxk −
1

2

∑
δωik∂xi∂xk

=
∑

∂ω′
ik∂x

′
iδx

′
k −

1

2

∑
δω′

ik∂x
′
i∂x

′
k.

For better clarity, let

(4)
1

2

[
∂ωgk

∂xh
+

∂ωhk

∂xg
−

∂ωgh

∂xk

]
=

[
gh
k

]
from which

(5)

[
hg
k

]
=

[
gh
k

]
and

∂ωhk

∂xg
=

[
gh
k

]
+

[
gk
h

]
1Translator Note: Gabriel Lamé (1795-1875). The work referred to is “Leçons sur les coordonnées curvilignes et leurs

diverses applications” (1859).
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follows, and using the same notation for the transformed form, it follows

(1)
∑
ik

ωik∂
2xiδxk +

∑
ikl

[
il
k

]
∂xi∂xlδxk =

∑
αβh

[
αβ
h

]
∂x′α∂x

′
βδx

′
h.

Here, replace δx′h by its value from (3), whereby the right side transforms into

∑
αβh

[
αβ
h

]
∂x′α∂x

′
β

∑
gik

ωik

E′
gh

E′
∂xi
∂x′g

δxk

By comparing the coefficients of δxk, it also follows

∑
i

ωik∂
2xi +

∑
il

[
il
k

]
∂xi∂xl =

∑
giαβ

ωik
∂xi
∂x′g

∂x′α∂x
′
β

∑
h

[
αβ
h

]′ E′
gh

E′ .

I multiply this equation by Erk
E and sum over the values of k. If one then sets

(7)
∑
k

=

[
il
k

]
Erk

E
=

{
il
r

}
from which

(8)

{
li
r

}
=

{
il
r

}
follows, and applies the same notation to the transformed form, it follows

∂2xr +
∑
il

{
il
r

}
∂xi∂xl =

∑
αβg

{
αβ
g

}′
∂xr
∂x′g

∂x′α∂x
′
β

from which it is evident that equation (1) follows backward, and thus for all values of α, β, and r:

(9)
∂2xr

∂x′α∂x
′
β

+
∑{

ik
r

}
∂xi
∂x′α

∂xk
∂x′β

=
∑
λ

{
αβ
λ

}′
∂xr
∂x′λ

.

This equation provides n(n+1)
2 equations for each r, thus a total system of n · n(n+1)

2 simultaneous partial
differential equations to determine the sought substitution. If these are satisfied, the integrability
conditions for the linear expressions of the original differentials in terms of the new ones are obviously
fulfilled.

These equations simplify considerably if all coefficients of the original form are constant, since in

this case, but also only under this condition, all expressions

{
ik
r

}
vanish due to (7) and (5). One then

obtains for each original variable a system of linear partial differential equations, and for all variables
the same system. The same result was found by Mr. Lamé for the case he treated, as mentioned above.

3.

If it is not possible to determine the original variables as functions of the new x′ such that equations
(9) are satisfied, then the transformation of F into F ′ is impossible, since these equations necessarily
follow if the possibility of this transformation is assumed.

However, if equations (9) are satisfied in some way, the question arises to what extent they justify
the conclusion to equation (1), i.e., to the formula F = F ′. To investigate this, introduce the assumed
solution of equations (9) into F , from which

F =
∑

ω′′
ik∂x

′
i∂x

′
k = F ′′,
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may follow. Then it is a matter of what relationships exist between the corresponding coefficients of
F ′′ and F ′.

Now, equations (9) are nothing but an identical reformulation of equation (1), from which they
follow and which they also imply backward. However, if one starts from F = F ′′ instead of F = F ′,
the calculation in § 2 yields, instead of the expression on the right side of (1), the new expression

∑
αβh

[
αβ
h

]′′
∂x′α∂x

′
βδx

′
h,

and this must equal the original. Thus, it generally follows[
αβ
h

]′′
=

[
αβ
h

]′
from which, due to (5),

∂ω′′
hk

∂x′g
=

∂ω′
hk

∂x′g

follows for all values of g, h, and k. The corresponding coefficients of F ′′ and F ′ thus differ only by
additive constants. For these constants to vanish, it suffices that F ′′ = F ′ holds at least once, in other
words, that the solution of equations (9) satisfies the transformation relations arising from equation (1)

(10)
∑
ik

ωik
∂xi
∂x′α

∂xk
∂x′β

= ω′
αβ

for some specific set of values of the new variables.

We thus have the theorem:
If it is possible to determine the original variables x1, x2, . . . , xn as functions of the new variables

x′1, x
′
2, . . . , x

′
n such that the system of equations (9) is satisfied, and these functions are further subjected

to the initial condition that they, along with their first derivatives, satisfy the transformation relations
contained in the equation F = F ′ for some specific set of values of the new variables, then these trans-
formation relations, and with them the equation F = F ′, hold for all values of the new variables.

It follows that the transformation relations contained in (1) are rendered superfluous by equations
(9), up to the initial condition derived from them, as soon as the latter are compatible with each other.

The system of equations (9) thus contains, assuming its possibility, all the necessary and sufficient
conditions for the transformation of F into F ′, up to the mentioned initial condition, and thus simulta-
neously replaces the algebraic transformation relations arising from (1) and the associated integrability
conditions.

4.

For the possibility of equations (9), new integrability conditions are required, to whose derivation we
now proceed. To simultaneously demonstrate that these do not imply equations (9) backward, we
consider instead of the latter the system contained in one of the following equations:

(9′.)


∂2xr

∂x′α∂x
′
β

+
∑
gh

{
gh
r

}
ugαuhβ =

∑
λ

{
αβ
λ

}′
urλ +

(
r
αβ

)
,

∂2xr
∂x′α∂x

′
γ

+
∑
gi

{
gi
r

}
ugαuiγ =

∑
λ

{
αγ
λ

}′
urλ +

(
r
αγ

)
,

where, as generally in the following, the first derivatives

∂xi
∂xα

= uiα
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are set, while we retain the usual notation for higher derivatives. From the above, the system (9) is

obtained by setting all quantities

(
r
αβ

)
equal to 0.

The integrability conditions in question are obtained by differentiating the first equation (9′.) with
respect to x′γ , the second with respect to x′β, and taking the difference, whereby the third derivative of
xr cancels out. Noting that the terms containing a second derivative with respect to x′β and x′γ also
cancel, it follows:

∑
ghi

∂

{
gh
r

}
∂xi

−
∂

{
gi
r

}
∂xh

ugαu
h
βu

i
γ +

∑
ph

{
ph
r

}
∂2xp

∂x′α∂x
′
γ

uhβ −
∑
pi

{
pi
r

}
∂2xp

∂x′α∂x
′
β

uiγ

=
∑
λ

∂

{
αβ
λ

}′

∂xγ
−

∂

{
αγ
λ

}′

∂xβ

urλ +
∑
λ

{
αβ
λ

}′
∂2xr

∂x′λ∂x
′
γ

−
∑
λ

{
αγ
λ

}′
∂2xr

∂x′λ∂x
′
β

+

∂

(
r
αβ

)
∂x′γ

−
∂

(
r
αγ

)
∂x′β

.

From this, it follows first that the integrability conditions for the system (9′.) will be exactly the same as

for the original equations (9), as soon as the quantities

(
r
αβ

)
satisfy the following system of equations

(11)



∑
ph

{
ph
r

}(
p
αγ

)
uhβ −

∑
pi

{
pi
r

}(
p
αβ

)
uiγ

=
∑
λ

{
αβ
λ

}′(
r
λγ

)
u−

∑
λ

{
αγ
λ

}′(
r
λβ

)
+

∂

(
r
αβ

)
∂x′γ

−
∂

(
r
αγ

)
∂x′β

,

which can easily be put into a symmetric form.
I now assume that this condition is satisfied for all values of r, α, β, γ. If one then substitutes the

values of the second derivatives from (9′.) into the previous equation, it follows:

∑
ghi

∂

{
gh
r

}
∂xi

−
∂

{
gi
r

}
∂xh

ugαu
h
βu

i
γ

+
∑
ph

{
ph
r

}
uhβ

∑
λ

{
αγ
λ

}′
upλ −

∑
gi

{
gi
p

}
ugαu

i
γ

−
∑
pi

{
pi
r

}
uiγ

∑
λ

{
αβ
λ

}′
upλ −

∑
gh

{
gh
p

}
ugαu

h
β


=
∑
λ

∂

{
αβ
λ

}′

∂x′γ
−

∂

{
αγ
λ

}′

∂x′β

urλ

+
∑
λ

{
αβ
λ

}′
∑

µ

{
γλ
µ

}′
urµ −

∑
pi

{
pi
r

}
upλu

i
λ

−
∑
λ

{
αγ
λ

}′
∑

µ

{
βλ
µ

}′
urµ −

∑
ph

{
ph
r

}
upλu

h
β

 .

Here, all terms containing the product of two derivatives u cancel out; combining the remaining terms
by swapping β with γ on the right, it follows:

(12)



∑
ghi

∂

{
gh
r

}
∂xi

−
∂

{
gi
r

}
∂xh

+
∑
p

[{
gh
p

}{
pi
r

}
−
{
gi
p

}{
ph
r

}]ugαuhβu
i
γ

=
∑
λ

∂

{
αβ
λ

}′

∂xγ
−

∂

{
αγ
λ

}′

∂xβ
+
∑
µ

[{
αβ
µ

}′{
µγ
λ

}′
−
{
αγ
µ

}′{
µβ
λ

}′
]urλ
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We thus have the following result:
The system of equations resulting from (12), when all values of r, β, γ from 1 to n are substituted,

contains all the integrability conditions necessary for the possibility of the system (9). However, it
cannot replace equations (9), as it does not imply them backward but rather the more general equations
(9′.), in which the independent terms f i

gr satisfy the system of equations (11).

5.

The equations (12) must be replaced for further investigation by another equivalent system. For this
purpose, I multiply by ωrku

k
δ and sum over all values of k and r. It is clear that the resulting equations

lead back to the system (12) if, after the designated summation is performed, one multiplies by
∂x′

δ
∂xl

Eϱl

E ,
then sums first over δ, then over α, and finally sets ϱ = r.

In the specified operation, equation (12), since due to (10)∑
rk

ωrku
r
λu

k
δ = ω′

λδ

first transforms into

∑
ghik

ugαu
h
βu

i
γu

k
δ

∑
r

ωrk

∂

{
gh
r

}
∂xi

−
∂

{
gi
r

}
∂xh

+
∑
p

[{
gh
p

}{
pi
r

}
−
{
gi
p

}{
ph
r

}]

=
∑
λ

ω′
λδ

∂

{
αβ
λ

}′

∂x′γ
−

∂

{
αγ
λ

}
∂x′β

+
∑
µ

[{
αβ
µ

}{
µγ
λ

}′
−
{
αγ
µ

}′{
µβ
λ

}′
]

so that the remaining reductions are the same for both sides of the equation. Now, according to equation
(7), ∑

r

ωrk

{
gh
r

}
=

[
gh
k

]
,

thus the sum taken over r on the left side becomes

=

∂

[
gh
k

]
∂xi

−
∑
p

{
gh
p

}
∂ωpk

∂xi
−

∂

[
gi
k

]
∂xh

+
∑
p

{
gi
p

}
∂ωpk

∂xh
+
∑
p

({
gh
p

}[
pi
k

]
−
{
gi
p

}[
ph
k

])
,

where in the two sums containing derivatives of ω, p is set in place of r. Further, according to (5),

∂ωpk

∂xi
=

[
ip
k

]
+

[
ik
p

]
,

∂ωpk

∂xh
=

[
hp
k

]
+

[
hk
p

]
thus [

pi
k

]
−

∂ωpk

∂xi
= −

[
ik
p

]
,

∂ωpk

∂xh
−
[
ph
k

]
=

[
hk
p

]
,

and the sum in question becomes

=

∂

[
gh
k

]
∂xi

−
∂

[
gi
k

]
xh

+
∑
p

({
gi
p

}[
hk
p

]
−

{
gh
p

}[
ik
p

])
.

I denote this expression henceforth by (gkhi), so that, when the quantities

{
gi
p

}
,

{
gh
p

}
are eliminated

using equations (7), it becomes

(13) (gkhi) =

∂

[
gh
k

]
∂xi

−
∂

[
gi
k

]
xh

+
∑
αβ

Eαβ

E

([
gi
α

] [
hk
β

]
−
[
gh
α

] [
ik
β

])
,
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or, when the derivatives are carried out,

(14)


(gkhi) =

1

2

(
∂2ωgi

∂xh∂xk
+

∂2ωhk

∂xg∂xi
−

∂2ωgh

∂xi∂xk
− ∂2ωik

∂xg∂xh

)
+
∑
αβ

Eαβ

E

({
gi
α

}[
hk
β

]
−
{
gh
α

}[
ik
β

])
Using this notation, which we also apply to the transformed form, the integrability conditions (12) take
the following form:

(15) (αδβγ)′ =
∑
ghik

(gkhi)ugαu
h
βu

i
γu

k
δ .

For this system of equations, the same result holds as for equations (12), namely that they form the
complete system of all integrability conditions associated with (9), but they do not imply equations
(9), but rather the more general system (9′.), assuming the relations (11) hold.

The coefficients in the above system of formulas have the following properties. Swapping i with h
in (13), it follows

(16a) (gkih) = −(gkhi).

Swapping g with k in (14), it follows

(16b) (kghi) = −(gkhi).

Swapping g with i and simultaneously k with h in (14), since Eβα = Eαβ, nothing changes on the right
side, and it follows

(ihkg) = (gkhi),

or

(16c) (higk) = (gkhi).

Finally, it is obtained directly

(16d) (gkhi) + (ghik) + (gikh) = 0,

noting that these four formulas reduce to one of the previous ones as soon as two of the indices g, h, i, k
are equal.

Using these four formulas, the number of essentially distinct relations contained in (15) can be easily
determined. First, due to (16a) and (16b), all cases where α = δ or β = γ must be excluded, as well as
those that follow by swapping α with δ or β with γ. Thus, for αδ as well as for βγ, only combinations
without repetition of the numbers 1, 2, . . . , n are to be taken, whose number is n(n−1)

2 = n2.
Now, the expressions (αδβγ)′ fall into three groups: the first consists of n2 expressions corresponding

to the assumption αδ = βγ, the second consists of n2(n2−1)
2 expressions where αδ ̸= βγ, while the third

group of equally many expressions, which arise from the second by swapping αδ with βγ, is excluded
due to (16c). Thus, due to (16a), (16b), and (16c), only n2(n2−1)

2 expressions (αδβγ)′ remain.
However, since each group αδβγ, in which no number appears more than once, provides one equation

(16d), a total of

n4 =
1

24
n(n− 1)(n− 2)(n− 3)

of the aforementioned expressions can be expressed by others, leaving only

n2(n2 + 1)

2
− n4 =

n2(n2 − 1)

12

essentially distinct expressions (αδβγ)′. This is thus the number of equations (15), insofar as they do
not follow from one another.
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The number of equations (10) is n(n+1)
2 ; adding this to the above number, we obtain

n(n+ 1)

2
+

n2(n2 − 1)

12
= n2 + n+

(n+ 2)(n+ 1)n(n− 3)

12

and thus, for n = 2, the number of equations (10) and (15) is less than the number n2+n of unknowns
appearing in them, namely the original variables and their first derivatives; for n = 3, it is equal to this
number, and for n > 3, it is greater than the latter.

6.

Just as equations (10) serve as transformation relations for equation (1) or (2), so too are equations
(15), as their form indicates, the transformation relations for a form of the fourth order. Before we
proceed to establish this form, we will demonstrate how, in general, from the transformation relations
associated with any form, one can obtain, using equations (9), the transformation relations for a new
form whose order is one greater than that of the original form.

Let
Gµ =

∑
i1...iµ

(i1i2 . . . iµ)∂
1
xi1∂

2
xi2 . . . ∂µ

xiµ ,

be a form derived from the coefficients of F , linear in the differentials ∂
1
x, ∂

2
x, . . . , ∂

µ
x µ-times, and G′

µ

its transformed form, thus generally

(α1α2 . . . αµ)
′ =

∑
i1...iµ

(i1i2 . . . iµ)u
i1
α1
ui2α2

. . . u
iµ
αµ ,

where, as before,

uiα =
∂xi
∂x′α

is set. Differentiating with respect to x′α, it follows

∂(α1α2 . . . αp)
′

∂x′α
=

∑
i...ıµ

∂(i1i2 . . . iµ)

∂xi
uiαu

i1
α1

. . . u
iµ
αµ + P,

P =
∑

λi2...iµ

(λi2 . . . iµ)
∂2xλ

∂x′α∂x
′
α1

ui2α2
. . . u

iµ
αµ

+
∑

i1λ...iµ

(i1λ . . . iµ)u
i1
α1

∂2xλ
∂x′α∂x

′
α2

· · ·uiµαµ + · · · .

Now, substituting the values of the second derivatives

∂2xλ
∂x′α∂x

′
αs

=
∑
r

{
ααs

r

}′
uλr −

∑
iis

{
iis
λ

}
uiαu

is
αs

into P , one obtains for P a difference U − V , where

U =
∑
r

{
αα1

r

}′ ∑
λi2...iµ

(λi2 . . . iµ)u
λ
ru

i2
α2

. . . u
iµ
αµ

+
∑
r

{
αα2

r

}′ ∑
i1λ...iµ

(i1λ . . . iµ)u
i1
α1
uλr . . . u

iµ
αµ + · · ·

=
∑
r

[{
αα1

r

}′
(rα2 . . . αµ)

′ +

{
αα2

r

}′
(α1r . . . αµ)

′ + · · ·

]
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and

V =
∑
i...iµ

uiαu
i1
α1

. . . u
iµ
αµ

∑
λ

[{
ii1
λ

}
(λi2 . . . iµ) +

{
ii2
λ

}
(i1λ . . . iµ) + · · ·

]
Substituting the value of P thus determined and bringing U to the left side of the equation, while
placing everything on the right under a summation sign, the following result is obtained: Assuming
all integrability conditions are satisfied, from any complete system of transformation relations of order
p

(17a) (α1α2 . . . αµ)
′ =

∑
i1...iµ

(i1i2 . . . iµ)u
i1
α1
ui2α2

. . . u
iµ
αµ

one obtains a new complete system of transformation relations of order (µ+ 1)

(17b) (α1α2 . . . αµ)
′ =

∑
i1...iµ

(ii1 . . . iµ)u
i
αu

i1
α1

. . . u
iµ
αµ

when

(17c) (ii1 . . . iµ) =
∂(i1i2 . . . iµ)

∂xi
−
∑
λ

[{
ii1
λ

}
(λi2 . . . iµ) +

{
ii2
λ

}
(i1λ . . . iµ) + · · ·

]
using this notation also for the transformed form.

Using this theorem, from an equation Gµ = G′
µ, one can derive a series of similar equations Gµ+1 =

G′
µ+1, Gµ+2 = G′

µ+2, . . . etc. until one arrives at identical relations or those composed of earlier ones.
The first case occurs with the function F itself. Namely, taking (i1i2) = ωi1i2 , it follows

(ii1i2) =
∂ωi1i2

∂xi
−
∑
λ

[{
ii1
λ

}
ωλi2 +

{
ii2
λ

}
ωi1λ

]
=

∂ωi1i2

∂xi
−
[
ii1
i2

]
−
[
ii2
i1

]
according to a formula used in § 5, and this is always equal to zero due to equation (5).

7.

We now proceed to the representation of the homogeneous form G4, to which equations (15) belong as
transformation relations. These are

(18) (αα1α2α3)
′ =

∑
i...i3

(ii1i2i3)
∂xi
∂x′α

∂xi1
∂x′α1

∂xi2
∂x′α2

∂xi3
∂x′α3

,

and due to (16),

(19)

{
(ii1i3i2) = −(ii1i2i3), (i1ii2i3) = −(ii1i2i3), (i2i3ii1) = (ii1i2i3),

(ii1i2i3) + (ii2i3i1) + (ii3i1i2) = 0.

We multiply equation (18) by ∂x′αδx
′
α1
Dx′α2

∆x′α3
, where ∂, δ,D,∆ denote different differentiation sym-

bols, and set ∑
i...i3

(ii1i2i3)∂xiδxi1Dxi2∆xi3 = G4;

then, from (18) by summation over all values of α, it follows

G′
4 = G4.

Thus, G4 is a quadrilinear form of the variable systems ∂x, δx,Dx,∆x, all subject to the same linear
substitution. However, due to the properties of its coefficients, this form is highly specific.
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Swapping i with i1, which changes nothing since both run through the same values, and then
replacing (i1ii2i3) by −(ii1i2i3), it follows that G4 only changes its sign when ∂ is swapped with δ.
Taking for ii1 only combinations without repetition, it follows

G4 =
∑

(ii1i3i4)(∂xiδxi1 − ∂xi1δxi1)Dxi3∆xi4 .

The same applies to D and δ if i3 and i4 are swapped, and it follows

(20) G4 =
∑

(ii1i2i3)(∂xiδxi1 − ∂xi1δxi1)(Dxi2∆xi3 −Dxi3∆xi2)

where the prime on the summation sign indicates that only the n(n−1)
2 combinations without repetition

of the numbers 1, 2, . . . , n are to be taken for both ii1 and i2i3.
Swapping i with i2, i1 with i3, and applying the equation (i2i3ii1) = (ii1i2i3, it follows that G4

remains unchanged when ∂xiδxk − ∂xkδxi is swapped with Dxi∆xk −Dxk∆xi. Nevertheless, one may
not set D = ∂ and ∆ = δ, or either of them, because then the coefficients (ii1i2i3) and (i2i1ii3), or
equivalently (ii1i2i3) and (ii3i2i1), would no longer remain separate but would be combined into their
sum, so that not all transformation relations (18) could be derived from G4 = G′

4.
The latter also follow from the forms

H4 =
∑

(ii2i3i1)∂xiδxi1Dxi2∆xi3 =
∑

(ii1i2i3)∂xiDxi1∆xi2δxi3 ,

J4 =
∑

(ii3i1i2)∂xiδxi1Dxi2∆xi3 =
∑

(ii1i2i3)∂xi∆xi1δxi2Dxi3 ,

which arise from G4 by cyclic permutation of δ,D,∆, and due to (19), it is identically

G4 +H4 + J4 = 0.

8.

I now assume that, following § 6, new expressions (i1i2i3i4) have been derived from the coefficients
(ii1i2i3i4) of G4, and using these, a fivefold linear form G5 in the differentials ∂x, ∂

1
x, ∂

2
x, ∂

3
x, ∂

4
x has

been constructed. Similarly, from G5, a sixfold linear form G6, and from this a sevenfold linear form
G7, and so on, until forms are reached whose coefficients either vanish or reduce to earlier forms. Then,
the system of equations

(A) F = F ′, G4 = G′
4, G5 = G′

5, . . . ,

is obtained, and it follows from the above that for the possibility of the first of these equations, the
possibility of all the others is necessary.

For the equation F = F ′ to be possible, it is necessary and sufficient that the corresponding
transformation relations

(F) (α1α2)
′ =

∑
i1,i2

(i1i2)u
i1
α1
ui2α2

for (ik) = ωik, and simultaneously the integrability conditions

(B)
∂uiα
∂x′β

=
∂uiβ
∂x′α

are satisfied. For if both systems of equations are satisfied, there exist n functions v1, v2, . . . , vn such
that equations (F) are satisfied by the general assumption

uiα =
∂vi
∂x′α

and the substitution x1 = v1, x2 = v2, . . . , xn = vn then accomplishes the required transformation of F
into F ′.
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For the equation G4 = G′
4 to be possible, the transformation relations

(G4) (α1α2α3α4)
′ =

∑
i1...i4

(i1i2i3i4)u
i1
α1
ui2α2

ui3α3
ui4α4

and the integrability conditions (B) must be satisfied.
Similarly, these latter, along with the transformation relations

(G5) (αα1 . . . α4)
′ =

∑
i1...i4

(ii1 . . . i4)u
i
αu

i1
α1

. . . ui4α4

must be satisfied for the equation G5 = G′
5 to be possible, and so forth.

This established, the transformation of F into F ′ would already be impossible if the various systems
of transformation relations (F), (G4), (G5), (G6), etc., were algebraically incompatible, regardless of
the necessarily added integrability conditions (B).

I therefore assume, disregarding equations (B) entirely, that the various systems of transformation
relations, whose derivation and sequence have been established above, are algebraically satisfied; then
the question is whether the integrability conditions (B) by means of which all other equations (A) follow
from F = F ′ are superfluous or not.

9.

To resolve this question, which is the core of the entire transformation problem, I will, to avoid unnec-
essary calculations, first present the necessary conclusions under a specific assumption, which is not to
be strictly maintained, and then proceed to treat the question in the form in which it must be posed.

I thus assume, 1) that the unknowns x and u are completely and without contradiction determined
by the system of equations (G4), and 2) that these values of the unknowns also satisfy the subsequent
system of equations (G5).

Taking the derivative of equations (G4) with respect to x′α, a system of equations follows

(G′
4)



∂(α1α2α3α4)
′

∂x′α
=

∑
i1...i4

∂(i1i2i3i4)

∂xi

∂xi
∂x′α

ui1α1
. . . ui4α4

+Π,

Π =
∑

λi2i3i4

(λi2i3i4)
∂uλα1

∂x′α
ui2α2

ui3α3
ui4α4

,

+
∑

i1λi3i4

(i1λi3i4)u
i1
α1

∂uλα2

∂x′α
ui3α3

ui4α4
+ · · · .

Regarding this system, it must first be established what follows from our first assumption, namely that
it completely determines the values of all derivatives

∂xi
∂x′α

,
∂uλαs

∂x′α

i.e., that the system (G′
4) contains a number of equations equal to the number of these unknowns,

which are independent of each other with respect to those, and no equation of this system contradicts
others.

Now set

∂xi
∂x′α

− uiα =

(
i
α

)

∂uλαs

∂x′α
+
∑
iis

{
iis
λ

}
uiαu

is
αs

−
∑
r

{
ααs

r

}′
uλr =

(
λ

ααs

)
,
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so that

(
i
α

)
= 0,

(
λ

ααs

)
= 0 are the equations by which, in § 6, the derivatives just designated as the

unknowns of this system were eliminated from the above equations (G′
4), whereby those transformed

into equations (G5).
If, instead, eliminating these derivatives from equations (G′

4) using the above formulas, one obtains

on the right side a part U4, linear in the quantities

(
i
α

)
,

(
λ

ααs

)
, which differs from the original right

side of (G′
4) only in that

∂xi
∂x′α

is replaced by

(
i
α

)
, and

∂uλαs

∂x′α
is replaced by

(
λ

ααs

)
. The remaining terms

cancel against the left side, as we assume that equations (G5) are satisfied. Consequently, equations
(G′

4) transform into a system of equations
U4 = 0,

which is obtained from those by replacing the unknowns with

(
i
α

)
,

(
λ

ααs

)
, and suppressing all inde-

pendent terms.

This system thus also contains a number of equations equal to the number of unknowns

(
i
α

)
,

(
λ

ααs

)
,

which are independent of each other with respect to those. Consequently, these equations can only be

satisfied by generally setting

(
i
α

)
= 0,

(
λ

ααs

)
= 0 particularly for each i and α

uiα =
∂xi
∂x′α

Thus, if equations (G4) alone completely determine all unknowns, and the values satisfying them also
satisfy equations (G5) derived from (G4), then all integrability conditions are satisfied, so that under
these assumptions, equations (B) become superfluous.

10.

No new calculation is needed after the above to see that these conclusions still hold if all unknowns
are completely determined without contradiction by the systems of equations (Gp), (Gq), (Gr), . . . and
simultaneously satisfy the equations (Gp+1), (Gq+1), (Gr+1) . . ., derived from these according to § 6.
Indeed, from each system (Gs) with regard to (Gs+1), a system of equations Us = 0 follows, and there
must then exist among the set of equations

Up = 0, Uq = 0, Ur = 0, . . . ,

a group containing as many equations as there are unknowns, and whose determinant is nonzero.
Among the equations from which the original unknowns x and u are to be determined, the trans-

formation relations (F) themselves are primary; they differ from the other systems of equations to be
used, e.g., from equations (G4), in that the equations derived from them according to § 6 are identically
satisfied, since (i1i2) = ωi1i2 , (ii1i2) = 0 was obtained. Consequently, we obtain the theorem:

From the original differential expression (F), first derive the form G4 according to sections 5 and
7, and then from this, according to § 6, the series of forms G5, G6, . . .. If then, by the transformation
relations belonging to the equations

F = F ′, G4 = G′
4, G5 = G′

5, . . . Gp = G′
p

the values of the unknowns x and u are completely determined without contradiction, and the same
values of the unknowns also satisfy the transformation relations derived from the next equation

Gp+1 = G′
p+1,

then all integrability conditions necessary for the transformation of F into F ′ are simultaneously satis-
fied, and generally

uiα =
∂xi
∂x′α

.
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Through this theorem, which in all cases where it applies makes the question of integrability conditions
superfluous, a new and fruitful field is opened for the applications of algebraic invariant theory.

Indeed, in applying this theorem, the fact that the quantities ∂x, ∂
1
x, . . . represent complete differ-

entials no longer matters, but one must consider F,G4, G5, . . . only as algebraic homogeneous forms
with the variable systems ∂x, ∂

1
x, . . ., under the assumption that all variable systems are subject to the

same linear substitution.
Under this condition, one must now, for purely algebraic reasons, continue the series of successive

forms F,G4, G5, . . . until they yield n absolute invariants and as many associated forms Ψs, of which
the former are independent with respect to the variables x, and the latter are independent of each other
generally. Then, for the series of forms F,G4, G5, . . . extended by one more term, a complete system
of invariants I, I1, . . . must be determined, which are independent of each other with respect to the
coefficients of these forms.

Then the system of all necessary and sufficient conditions for the possibility of the transformation
of F into F ′ consists of the equations

I ′ = rλI, I ′1 = rλ1I1, . . . ,

where r is the substitution determinant, and the exponents λ are constant values.
It is appropriate to designate these invariants I, I1, . . . of the sufficiently extended, but not further

than necessary, series of forms F,G4, G5, . . . also as a complete system of invariants of the differential
expression F .

Let U1, U2, . . . , Un be the variables in the original, and V1, V2, . . . , Vn the same in the transformed
associated forms, so that for the original substitution

∂xi =
∑
α

uiα∂x
′
α,

the transposed substitution

Vα =
∑
i

uiαUi

applies. Under this assumption, if the equations between the associated forms are

Ψs(V1, V2, . . .) = rµsΨs(U1, U2, . . .),

for s = 1, 2, . . . , n and constant values of µ, then, if under Ω an arbitrary function of the original
variables is understood, and generally

Ui =
∂Ω

∂xi

is set, the equations

Ψ′
s(

∂Ω

∂x′1
,
∂Ω

∂x′2
) = rµsΨs(

∂Ω

∂x1
,
∂Ω

∂x2
, . . .)

follow.
Such expressions containing an arbitrary function Ω

Ψs

(
∂Ω

∂x1
,
∂Ω

∂x2
, . . .

)
must be designated as associated forms of the differential expression F .

Similarly, the covariants of the system F,G4, G5, . . . yield n equations

Φ′
s(∂x

′
1, ∂x

′
2, . . .) = rv2Φs(∂x1, ∂x2, . . .),

and the differential expressions
Φs(∂x1, ∂x2, . . .)

must be designated as covariants of the differential expression F itself.
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11.

To precisely establish the content of the theorem found in the previous section, it must be emphasized
that its conditions cannot be satisfied under all circumstances. For example, when it comes to the
question of whether two given surfaces can be developed onto each other without stretching, one must
investigate an equation F = F ′ for n = 2. If the development of one surface onto the other, i.e., the
above equation, is possible, then in those cases where the given surfaces can be continuously displaced
within themselves, one will never obtain definite values of x and u from the transformation relations
contained in the equations F = F ′, G4 = G′

4, G5 = G′
5, . . ., no matter how far this series is extended,

because in these cases the transformation relations allow continuous changes of the original variables
without changes to the new variables.

It is thus easy to specify the conditions for the general case corresponding to the extent a surface
can be displaced within itself. The domain of the variables x1, x2, . . . , xn is called displaceable within
itself with respect to an unchanged F , if the substitution to be applied is not completely determined
by the result of the transformation of F . It is clear that all conditions for this case to occur consist of
identical equations between such invariants and associated forms of F , which, under the assumptions
of the previous section, are independent functions of the variables x and u.

In this case, the integrability conditions are not superfluous, because one can satisfy all transfor-

mation relations without setting the expressions designated by

(
i
α

)
,

(
λ

ααs

)
in § 9 equal to 0.

For all other cases, the remarkable result holds, which is by no means to be expected a priori
from the nature of the matter, that all necessary and sufficient conditions for the possibility of the
transformation of F into F ′ can be represented as equations between invariants, when this term is used
to denote the same formal relationships as in algebra, and that in the transformation problem treated
here, associated forms and covariants appear in exactly the same sense, albeit from an entirely different
source, as in analogous algebraic problems.

12.

As an example of the preceding theory, I treat the case n = 3, which offers remarkable simplifications.
If, as in equation (20), for i1i2 as well as for k1k2, only combinations without repetition of the

numbers 123 are taken, e.g., only the groups 23, 31, 12, then the transformation relations (18) of G4

can be put into the form

(β1β2γ1γ2)
′ =

∑
(i1i2k1k2)(u

i1
β1
ui2β2

− ui1β2
ui2β1

)(uk1γ1u
k2
γ2 − uk1γ2u

k2
γ1)

I now determine four numbers β, γ, i and k by the condition that ββ1β2, γγ1γ2, ii1i2 and k, k1, k2 become
positive permutations of the numbers 123, so that simultaneously, for example,

β = 1, β1 = 2, β2 = 3,

or β = 2, β1 = 3, β2 = 1,

or β = 3, β1 = 1, β2 = 2

holds. It is recognized from this that, conversely, both β1 and β2 are determined by the value of β.
This established, I denote the subdeterminant of uiα arising from a change in r by riα, and set, since

i1i2 as well as k1k2 are completely determined by the values of i and k,

(i1i2k1k2) = Aik,

so that, according to (14)

(a)


A11 =

1

2

(
2
∂2ω23

∂x2∂x3
− ∂2ω22

∂x23
− ∂2ω33

∂x22

)
+
∑
αβ

Eαβ

E

([
23
α

] [
23
β

]
−
[
22
α

] [
33
β

])

A23 =
1

2

(
2
∂2ω23

∂x21
+

∂2ω11

∂x2∂x3
− ∂2ω12

∂x1∂x3
− ∂2ω13

∂x1∂x2

)
+
∑
αβ

Eαβ

E

([
11
α

] [
23
β

]
−
[
12
α

] [
13
β

])
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from which the others follow by cyclic permutation of 123.
Then the transformation relations of G4 take the simple form:

(b) A′
βγ =

∑
ik

Aikr
i
βr

k
γ .

Similarly, the transformation relations belonging to F = F ′, as evident, for example, from the associated
form of F , can be replaced by the following:

(c) E′
βγ =

∑
ik

Eikr
i
βr

k
γ .

It is noted that, due to equations (19),

(d) Aki = Aik,

and, which will be used later, Aik changes its sign when i1 and i2 or k1 and k2 are swapped.
Equations (b) and (c) are thus nothing but the transformation relations for the simultaneous trans-

formation of the ternary quadratic forms

Γ =
∑
ik

AikXiXk,

Φ =
∑
ik

EikXiXk

into the following

Γ′ =
∑
ik

A′
ikΞiΞk,

Φ′ =
∑
ik

E′
ikΞiΞk

by means of the linear substitution

(e) Xi =
∑
β

riβΞβ,

whose determinant is
R = r2,

and to which the inverse substitution belongs

(e′) Ξβ =
∑
i

1

r
uiβXi

It is known that this transformation problem is definite, as four simultaneous invariants and three asso-
ciated forms exist, which are independent with respect to the variables of the latter and the coefficients
of Γ,Φ. This yields three absolute invariants; if these are also independent with respect to the variables
x1, x2, x3, then, according to the theorem in § 10, for the present investigation, it is only necessary to
derive the next form G5 from F and G4. Now, according to § 6,

(gi1i2k1k2) =
∂(i1i2k1k2)

∂xg
−

∑
λ

[{
gi1
λ

}
(λi2k1k2) +

{
gi2
λ

}
(i1λk1k2)

+

{
gk1
λ

}
(i1i2λk2) +

{
gk2
λ

}
(i1i2k1λ)

]
.
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In this sum, for the first term, only the values i1 and i are to be taken for λ, since (i1i2k1k2) = 0.
Proceeding similarly for the other terms and swapping the index with the corresponding one in cases
where λ = i or = k, it follows first

(gi1i2k1k2) =
∂(i1i2k1k2)

∂xg
− (i1i2k1k2)

[{
gi1
i1

}
+

{
gi2
i2

}
+

{
gk1
k1

}
+

{
gk2
k2

}]
+

{
gi1
i

}
(i2ik1k2) +

{
gi2
i

}
(ii1k1k2) +

{
gk1
k

}
(i1i2k2k) +

{
gk2
k

}
(i1i2kk1).

Now, i1i2i, i2ii1 and k1k2k, k2kk1 are, together with ii1i2 and kk1k2, positive permutations of 123;

thus, it follows, if

{
gi
i

}
+

{
gk
k

}
is added to the bracket of the subtrahend on the right:

(gi1i2k1k2) =
∂Aik

∂xg
− 2Aik

∑
r

{
gr
r

}

+

{
gi
i

}
Aik +

{
gi1
i

}
Ai1k +

{
gi2
i

}
Ai2k +

{
gk
k

}
Aik +

{
gk1
k

}
Aik1 +

{
gk2
k

}
Aik2 .

I denote this expression, completely determined by the values g, i, k, by Agik, so that

(gi1i2k1k2) = Agik,

and, according to the easily derived formula,

2
∑
r

{
gr
r

}
=

1

E

∂E

∂xg

(f) Agik =
∂Aik

∂xg′
− Aik

E

∂E

∂xg
+
∑
λ

[{
gλ
i

}
Aλk +

{
gλ
k

}
Aiλ

]
This expression has the property of remaining unchanged when i is swapped with k, but changing its
sign when i1 is swapped with i2 or k1 with k2. Consequently, the transformation relations belonging to
G5 = G′

5

A′
αβγ =

∑
gi1i2k1k2

Agiku
g
αu

i1
β1
ui2β2

uk1γ1u
k2
γ2

can be brought into the simpler form

(g) A′
αβγ =

∑
gik

Agiku
g
αr

i
βr

k
γ

and now lead to a further remarkable result.
Namely, if for the associated forms of Γ and Φ, U1U2U3 are the original variables, and V1V2V3 the

new variables, so that the corresponding substitution, transposed to (e), is

(h) Vα =
∑
g

rgαUg,

from which, by inversion,

(h′) Ug =
∑
α

1

r
ugαVα,

follows, then from equation (g), multiplying by VαΞβΞγ and summing over α, β, γ, we obtain:∑
αβγ

A′
αβγVαΞβΞγ = r

∑
gik

AgikUgXiXk.
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Since r = R
1
2 is a power of the substitution determinant, and both sums contain both the variables

of the original and the associated forms, they must be corresponding simultaneous intermediate forms,
and we can thus state the following theorem:

To obtain the necessary and sufficient conditions for the possibility of transforming a ternary
quadratic differential expression

F =
∑

ωik∂xi∂xk,

into another
F ′ =

∑
ω′
ik∂x

′
i∂x

′
k,

and, if these are satisfied, the substitution that accomplishes the required transformation, form, using
the coefficients of F , the three algebraic ternary forms

Γ =
∑

AikXiXk,

Φ =
∑

EikXiXk,

Θ =
∑

AgikUgXiXk

and for F ′, in the same way, the corresponding forms Γ′,Φ′,Θ′ with the variables Ξ and V in place of
X and U .

Then the required conditions are exactly the same as those necessary and sufficient for transforming
Γ into Γ′, Φ into Φ′, and Ω into Ω′ by a direct substitution

Xi =
∑
α

riαΞα,

and, under the assumption of the transposed substitution

Vα =
∑
i

riαUi,

simultaneously Θ and Θ′ become corresponding intermediate forms, which satisfy the equation

Θ′ = R
1
2Θ

However, this theorem holds only under the assumption that the six absolute associated forms and
invariants of Γ,Φ are independent functions of the variables x1x2x3U1U2U3.

If this condition is satisfied, one obtains from the equations between the original and transformed
covariants of Γ,Φ, the coefficients 1

ru
i
β of the inverse substitution, thus, since r is determined by the

invariants, uiβ itself, so that generally

uiβ =
∂xi
∂x′β

holds.
If it is not satisfied, the result follows instead of the above theorem that the domain of the variables

x1, x2, x3 can be continuously displaced within itself without changing F .
From § 10, it follows that under the assumptions of the above theorem, all necessary and sufficient

conditions for the possibility of transforming F into F ′ can be represented using the simultaneous
invariants of three homogeneous forms F,G4, G5 and their transformed forms.

This result, like the above theorem, assumes that in eliminating the substitution coefficients uiα or
riα, from which the algebraic fundamental forms in question arise, no account is taken of integrability
conditions between them.

Now, it is required above that the quantities Agik can be expressed through the coefficients of Γ and
Φ, and the quantities A′

gik in the same way through the coefficients of Γ′ and Φ′, such that 1) Θ is a
simultaneous intermediate form of Γ and Φ, 2) Θ′ is the same simultaneous intermediate form of Γ′ and

Φ′, and 3) Θ′ = R
1
2Θ holds. The exponent of R indicates that these conditions cannot be satisfied if the

quantities Agik are rational functions of the quantities Aik, Eik. On the other hand, these conditions
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can certainly be satisfied if F ′ is not arbitrarily given but derived from F by a substitution of the for
(B), e.g., the identical xi = x′i. Thus, we have the theorem:

For every ternary quadratic differential expression F , the quantities Agik introduced in equations
(f) can be represented as irrational functions of the coefficients of Γ and Φ, such that Ω becomes a

simultaneous intermediate form of Γ and Φ, which stands in the relation Θ′ = R
1
2Θ to its transformed

form.
Adding to this the equations Γ′ = Γ,Φ′ = Φ, and∑

±r11r
2
2r

3
3 = R,

one obtains 31 transformation relations, from which, although the variables of Θ are subject to different
substitutions, the 9 substitution coefficients riα can be eliminated so that all elimination results take
the invariant form

I ′ = RλI.

In the main case, where the result of the transformation of Γ and Φ and the substitution to be applied
is completely determined, the same necessarily holds for the three functions Γ,Φ,Θ. Then, the number
of independent invariants 1) of Γ and Φ alone is 4, 2) of Γ,Φ,Θ together is 22, thus 3) the number of
those necessarily containing coefficients of Θ is 18.

According to the terminology used in § 10, the differential expression F in the present case thus has
22 invariants in total and 21 absolute ones, as well as three independent associated forms and as many
covariants.

Regarding the differential expressions F excluded by the previous theorem, among which is the
square of the line element in three-dimensional space, there exists a paper from Riemann’s estate 2, for
which Mr. Dedekind3 has promised the analytical developments omitted there.

3 January 1869.

2Translator Note: Bernhard Riemann,“Über die Hypothesen, welche der Geometrie zu Grunde liegen,” Abhandlungen
der Königlichen Gesellschaft der Wissenschaften zu Göttingen 13 (1868): 133–150, originally presented as a habilitation
thesis dissertation in 1854.

3Translator Note: Richard Dedekind (1831-1916) indeed completed analytical developments for Riemann’s posthumous
work.
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