Classical Electromagnetism Notes
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1 Calculus
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1.2 Evans PDE derivatives notes

Given a vector (multiindex) a = (o, ..., ) of order |a| = a1 + -+ + ay,, define
ol ()
D* =0 =03 00, 17

If k£ is a nonnegative integer,

D*u(x) := {D%u(2) | |a] =k}, (18)
the set of all partial derivatives of order k. Assigning some ordering to the various partial derivatives, we
can also regard DFu(z) as a point in R™"

1/2
[DFul = [ > [D¥uf? (19)
la|=k
If K =1, we regard the elements of Du as being arranged in a vector

Du := (ug,,...,uy,) = gradient vector = Du € R". (20)

Sometimes u, := 7 - Du (x # 0) denotes the radial derivative of w.

If k = 2, the elements of D?u are regarded as being arranged in a matrix

Ugrz7  ° Uz,
D2y = : : = Hessian matrix = D?u € S", the space of real symmetric n x n matrices.

Ugppz, *°° Uzpz,

(21)

In this notation, the Laplacian of u is denoted Au = ;" | Ug,a, .

Thus, Au = div Du = tr(D?u). Sometimes an attached subscript to the symbols D, D2 etc. is employed
to denote the variables being differentiated, e.g., if u = u(z,y) such that x € R", y € R™, then D,u =
(Ugys ooy Uz )y Dyt = (Uy,, ..., Uy,).



1.2.1 Vector-valued Functions

Ifnowm>1landu: U—R™ u=(ul,...,u™), define
D% = (D“u!, ..., D*u™) (22)
for each multiindex . Then
Dby = {D% | Ja] = k} (23)
and
1/2
|DFul = [ > D | . (24)
|| =k
In the special case k = 1, we write
Du:=| + .. 1 | = gradient matrix (25)
Uiy Uz,
If m = n, we have
n .
+u = tr(Du) = Z uy, = divergence of u (26)
i=1

The spaces C(U;R™), LP(U;R™), etc. consist of those functions u : U — R™, u = (u',...,u™), with
ut € C(U), LP(U), etc. wherei=1,...,m.

1.2.2 Boundaries

Let U € R™ be open and bounded, k = {1,2,...}.

Definition 1.1. The boundary 9U is C* if for each point z° € 9U3r > 0&CF function v : R»~' — R such
that—upon relabeling and reorienting the coordinate axes if necessary—we have

UNB(2"r) ={z € B’ )|z, >v(z1,...,20-1}. (27)
Likewise, OU is C™ if U is C* for k= 1,2, ..., and OU is analytic if the mapping v is analytic.
Definition 1.2. If 9U is C*, then along OU is defined the outward pointing unit normal vector field

v=(v',...,0"). (28)
The unit normal at any point 2° € 9U is v(z%) = v = (vy,...,v,).
Definition 1.3. Let u € C1(U). We call
0
a—z :=v-Du (29)

the (outward) normal derivative of u.



1.2.3 Function Spaces Notation

C*(U) = {u € C¥(U) | D% is uniformly continuous on bounded subsets of U, V |a| < k} 33
oo
C*®(U)={u: U — R | u is infinitely differentiable} = ﬂ ckU) (34)
k=0
() = |J cHo) (35)
k=0
LP(U) ={u: U — R | uis Lebesgue measurable, |ul|z»ny < oo}, (36)
1/p
where [Jul|zp(,) < 00 = </ |u\pda:> (37)
U
L>(u) ={u: U — R | uis Lebesgue measurable, |u sy < 00}, (38)
where ||ul zoo() < 00 := esssup|ul (39)
U

esssup = essential supremum, of a function is the smallest value that is greater than or equal to

the function values everywhere while ignoring what the function does at a set of points of measure zero.

1.2.4 Theorems and Formulas
Theorem 1.1 (Gauss-Green Theorem). Assume U is a bounded, open subset of R and 9U is C*.
i) Suppose u € C*(U). Then [, uz,dz = [, uwv’ dS (i=1,...,n).

ii) Divergence Theorem. We have [;;div u dz = [,;;u-v dS for each vector field u € CHU;R").

(ii) follows from (i) applied to each component of u = (ul,... u™).

Theorem 1.2 (Integration by parts formula). Let U,V € C'(U). Then [, uzde = — [, uv,, dz +
Jopwvvt dS (i=1,...,n)
Proof: Apply (i) to uv.

Theorem 1.3 (Green’s Formulas). Let u,v € C%(U). Then
i) [y Aude = [y, 2% ds,
ii) [, Dv-Dudz = — [; uAv dz + [, $4udS,
i) [; uAv —vAu dz = [y, u% — U% ds.
In Evan’s PDE, denote

Laplace’s Equation: Au =0 (40)
Poisson’s Equation: — Au = f (41)

where the negative sign on the Laplacian in Poisson’s Equation is to be consistent with the notation he uses
for general 2"%-order elliptic operators.



1.2.5 Boundary conditions
Dirichlet boundary conditions (“first kind”)

e Specify the value of the solution u itself on the boundary 09Q: u(z) = g(z) for all z € 99, where g is
given.

e Standard for boundary value problems.

e Typically for elliptic and parabolic PDEs.

von Neumann boundary conditions (“second kind”)

e Specify the normal derivative (gradient in the outward normal direction) of the solution on the bound-
ary: %(g) =n-Vu(z) = h(z) for all z € 09, where h is given.

e Physically: flux, heat flow, or stress across the boundary.

e Typically for elliptic and parabolic PDEs.

Cauchy boundary conditions

e Specify both the value of the function and its normal derivative on the boundary: u(z) = g(x) and
9u(z) = h(z) for all z € ON.

e Relevant for hyperbolic PDEs (e.g. wave equation) on open (non-characteristic) hypersurfaces = well-
posed IVP.

e For elliptic PDEs, Cauchy conditions on a closed boundary are typically overdetermined and lead to
ill-posed problems.

e In time-dependent problems, Cauchy conditions often appear as initial conditions (e.g. at t = 0),
distinct from spatial boundary conditions.

e Distinct from Robin boundary conditions (“third kind”): au + % =k.



2 Electrostatics

F=qFE Electric field at a point charge = Force (42)
F =kqiqo | L1 £2|3 Coulomb’s Law; F' at a point charge q; at z; (43)
L1 — Lo
1 — r—x,
E(z) = Z g—— The electric field at z due to a system of (44)
4d7eq |z — z,|3 .
¢ point charges ¢; located at z;,
1=1,...,n.
Due to experimentally observed linear
superposition of forces due to many
charges.
1 , o —x 3/
E(z) = pla')——= d°z Charges are so small and so numerous (45)
dmeg lz — 23

that they can be described by a charge
density p(z’), and the previous sum
becomes an integral.

If Ag is the charge in a small volume AzAyAz at the point 2, then Aq = p(z')AzAyAz.
d32’ = da’dy’dz’ is the 3D volume element at .

0
E-ndf= 4 e Gauss’s Law (46)
dmey 12

F=qFE Electric field at a point charge = Force (47)
F =kqq ’fl _f2|3 Coulomb’s law; F' at pt. charge ¢2 at z; (48)

Ty — Ly
E(x) = kq ’5:51‘3 The electric field at z due to a pt. charge (49)

2y

q1 at x;.

Figure 1: Field at observation point: origin O, position x; of charge ¢, observation point P at x; E is along
I — Z.

1 — .
E(z) = Z qi L £Z3 The electric field at z due to a system of (50)
|z —z; pt. charges ¢; at z;, i =1,...,n. Due to
linear superposition.

1 o
E(x) /p(ac’)|;c_;i|3 d3z'Charges described by charge density p(z/); (51)
= = sum becomes integral.

If Ag is the charge in a small volume Az Ay Az at 2/, then Ag = p(z’) Ax Ay Az. The 3D volume element
at 2’ is A3z’ = da’ dy’ d2'.



Figure 2: Gauss’s Law: flux through area element da (solid angle d2); charge ¢ inside S; charge ¢ outside

S. Normal n, field E.
(52)

0
g oo da Gauss’s Law

-nda =
- Admey 12

E is directed along the line from the surface element to the charge ¢ = cosfda = r%df) where df is the

element of solid angle subtended by da at the position of the charge.
, ch inside S
E-nda= afeo, charge insi .e Gauss’s Law for a single pt. charge (53)
S 0, charge outside S
1
E-nda=— Z qi Gauss’s Law for discrete charges inside S (54)
€0 “
7
Gauss’s Law for continuous p(z); V' (55)

1
plz) d’x
= volume enclosed by S.

£
}I{E-ndaz
S € Jv

Divergence theorem: j{ A-nda= / V - Ad®z. Setting the integrand to zero:
S \%

v.-E="
€0

1 / P(ml)/‘ d3x’>.

Differential form of Gauss’s Law (electrostatics).

Electric field from p:
1 xz—x 1 1
E(z) = N=———d% = — / v &’ = -V
E@) dmeo /v &) e—2P " dmeo Jy p) e—a) " dmeo Jy |z —
Define the scalar potential
1
dmey Jy |z — 2|

Then | E(z) = -V& |
For any sufficiently smooth scalar f (e.g. ), Vx (Vf)=0=V x E=V x (=V®) = 0. Hence

v E=0)

A vector field can be specified (up to the gradient of a scalar satisfying Laplace’s eqn.) if its divergence and

curl are given everywhere.
7



Work, path independence, Stokes
Work done on a test charge ¢ moving from A to B: F =qE, E=—-V®, so

B B B
Wz—/ F-dlz—q/ E-dl, /E-dl=—<<1>3—<1>A)
A A A

(path independent). Net work done on the charge against the field

If the path is closed, Coulomb’s Law = § E - dl = 0.

Work against the field for a general charge distribution (path C' from A to B)

Wagalnst field _ / E.-dl = / </ p(:E/) z—a ; d3$/) L.
4meg v z — 2|

A—B x

~

|
By Fubini (e.g. bounded support or sufficient decay), interchange order. For fixed 2/, the inner line integral
is the work against the pure Coulomb field of a pt. charge at 2’ from A to B. Since

z—2a 1
;:v R
z — '3 <Iw—w’|>

the fundamental theorem for line integrals gives

SU—I
dl = -
/c 1T Ja—2| -2/

|z — z

(a, b endpoints). Hence

1 1
Wagamst field _ q / / o d3 r
VEN e e

A—B 4rey
For a closed path (a = b):
W(jii‘ftﬁeldzoj—qfE-dle:fE-dl:O
C
. By Stokes’s theorem,
faa-[(vxa) nda
S

so V x E =0 in regions where E is differentiable (away from charges)

Laplacian of 1/r, regularized kernels
Consider the family of regularized kernels

1
Ga(r) = m

Go(r) — 1/r in appropriate weak senses and pointwise for r # 0

with a > 0.

This is C* everywhere; as a — 07,

The proposed non-regularized solution is

1 /
 drmey Jy |:L‘ — 2|
Applying V2 in z and interchanging the integral:

1 1
V20(z) = Tres /Vp(x/) v? (r) d?z’, r=lz—2a.

8




Note: 1/r is not twice differentiable at r = 0; its second derivatives blow up like ~ 1/73 near r = 0
(non-integrable).

Let r = |r| = /22 + y? + 22. For r # 0 (Cartesian coords.):

IN_ N_ v N__=»
63:(7")_ r3’ ay<r)_ r3’ 6Z<7“>_ r3’

Second derivatives (e.g. Oz ):
_ (3 a2 2 a2
am<1>:ax<3m>: (r3 — 3z r): (r 31’)‘
T T

By symmetry, Oy, (1/r) = %, 0.:(1/r) = % Summing:

= = =0 (r+#£0).

o o

o? (i) —[(r? = 322) + (r2 — 3y?) + (r? — 32%)]  —[3r? — 32

For the integral of V2(1/r) over a volume V containing the origin: since the classical Laplacian vanishes
except at the origin, any nonzero contribution must come from the singularity.

Green’s theorem in a punctured domain

Recall Green’s theorem (Green’s second identity). Apply it to a smooth test function ®(r) with compact
support (or sufficient decay) in the punctured domain R?\ B.(0), where B.(0) is a small ball of radius e
centered at the origin.

/ V2 (1> ®(r)d®r = lim V2 (1> ®(r) d>r.
R3 r e—0T R3\ B, (0) r

/ [@V2T — UV2P] dPx = f
|4

S
Since V2(1/r) = 0 in the punctured domain, take ¥ = 1/r, ® = ®(r):

/ [1v2<1>—<1>v2 <1>]d3r=?{ <1V<I>—®V<1>>-dA.
[r|>e LT r A(lr|>e) \T r

The outer boundary at oo contributes zero (® and 1/r decay). The inner boundary is the sphere S, of
radius e. For the exterior domain |r| > ¢, the outward normal points inward (toward the origin), so
dA = —7 €%sinf df dé.

Green’s theorem:

Note: The boundary of the punctured domain consists of the outer boundary at co (no contribution) and
the inner boundary S, = 9B.. On S, the outward normal w.r.t. the exterior is — (anti-radial).

*The sphere is of fixed radius € s.t. p changes little over its interior. When regularized kernels are used,
a < € (or later R), and a — 0 in the limit; this justifies considering only the contribution from inside the
sphere.



Evaluation of the surface integral as ¢ — 0

Since V2(1/r) = 0 in the punctured region,
/ 1v2<1>d3r=—f (1‘%—@8(1»&1 (*)
r[>e T s. \1r On on \r

As € = 0, ® and V& are essentially constant on the small sphere, equal to ®(0) and V&(0).

where on S, % = —%.

First term of RHS. On S., r =e€eso 1/r =1/e. Then

Since ® is C?, expand ®(r) = ®(0) + V&(0) - 7 + O(r?).
On S, (r = er) thus,

Integrate over the sphere (surface area = 4me?): by symmetry,

fg(N-f)dAzN-ff"dAzo

(integral of © over sphere is zero). So $g 92 4A = O(€%), hence $s. 102 4A = 0(e?) — 0.

Second term of RHS of (*).

e G- o ) mm o
s, On\r S. or \r s 7
since %(1/7“) = —1/r%

Dirac delta and regularized potential

On the sphere r = ¢, so

d
}1{ — dA = ®(0) - 47€*/€* + const. = 47®(0) + const.
s,

€2
€

Taking € — 0: [ps %V2<D d3r = 47®(0). Integration by parts gives

/RS V2 <1) O dPr = —47d(0) = / (i 8%(e)) B (r) r

r R3
= V2(1/r) = =47 §3(r) (with r = |r|; 63 the 3D Dirac delta at the origin).

Recall: §(z —a) = 0 for  # a; [6(x — a)dz = 1 if the region includes = a, else 0; and §(f(x)) =
> ﬁ d(z — x;) at roots z; of f.
oz

Thus we have a formal statement of the singular nature of V2(1/r).

10



Recall the family of regularized kernels G,(r) = \/T;W Define the regularized potential:

1

d _ / A 3 !
@)= i [ o) Gulle =) %

Consider the Laplacian of the regularized potential (as in the non-regularized case):

V2<I>a(g)

_ N 2 I A3
e /Rspww Gallz — ') &%,

Dominated convergence (smoothness of G, derivatives decay sufficiently at oo, p with compact support or

suitable decay) justifies interchanging the Laplacian and integral. Choose spherical coordinates with origin

at x so that r = |z — 2/|. For a radial function, V2G,(r) = %2 % (r? 88%). Compute:

oG, —r 9 0G, —r3
= =T - .
ar (124 a?)3/2 or  (r2+a2)3/2

Quotient rule and Taylor expansion

3

Let u =73, v = (r? 4+ a?)*/?; then

To compute % ( ), use the quotient rule.

0 u'v — uv'
D upy =

v

We have v/ = 3r2, v/ = %(r2 4 a2)1/2 - 2r = 3r(r? + a2)1/2_ So

wv—w' =3r2(r2 +a®)3? =3 3r(r? + a®)V2 = (12 + )V 3127 + a®) - 3rt] = 3(r% + a®)V2 aPr?

9 —r3 _ 3a’r? 10 2 0Ga\ _ 3a?
or \(r2+a2)3/2)  (r2+a2)5/2’ r2 Or or ) (r2+a2)5/2

Hence

Thus

V20u(0) = ——— [ o) =2 &, r—lp—a
a\Z) = 47T€0 p@ (T2—|—a2)5/2 z, r=|z Z .

Change of variables: s = 2’ —x = d%2’ = d3s, 2/ = z + s, r = |s|. Write |s| = s for simplicity. Then

3a? p(z+s)

2 = = 3
D,(z) = — d’s.
Vi, (z) dre /]R3 (2 +a2)52 " °

Expand p(z + ) = p(z) + Vp(z) - s + § si5; 00jp(x) + O(s)
(remainder |Ry(z; s)| < C|s|? for const. C' depending on third derivatives of p near z).
Insert into the integral and decompose:

[ B 8 = ple) Al) + e Bula) + 5 0030(0) Cogla) + [ SEEZ s,
o |

2 4 q2)5/2 s (52 + a2)5/2
where
A(a) '—/ ;d?’s
T Jrs (8244252

— Sk 3 _
Bk-(a) = /1;3(824_012)5/2(13 (k—1,2,3),

SiSj

CZ](G/) = /1;3 Wd:gs (Z,] = 1,2,3)

11



Computation of A(a)
Compute

00 2
S
= [ s
o (s2+a2)5/?
Substitute s = at, ds = adt:

* a?t? L[>~ 1
1= — 2" _adt=— | — __dt=—.
/0 a2+ 1)5/2 a a2 /0 (1 + 2)5/2 a2 J

To evaluate J, use t = tan 6, dt = sec?>#df, 6 € [0,7/2). Then
t? B tan? 6

2 _ 2 3 .2
A+ 252"~ o sec” 0 df = tan” 6 cos” 0 df = sin“ 6 cos 6 d6.

So
w/2
J:/ sin® 6 cos 6 d6.
0
Let w =sin6, du =cosfdf; § =0=u=0, 0 =7/2 = u=1. Hence J:f01u2du:%. Thus I =
In 3D,

1
m.
0 2 4
A(a) :477/ (57(15:477[: -
0

s2 + a2)b/2 302

Evaluation of A(a) and By/(a)
A(a) in spherical coordinates

Evaluate )
_ 3
Ale) = /Rs (82 + a?)>/? s
where s = |r| and a > 0.
Since the integrand depends only on s, use d3s = s?dsd) and [ dQ2 = 4m, so

Ala) = 47T/OOO (Sst.

2 + a2)5/2

By symmetry over R3, the integrand of By(a) is which is odd in s; while the rest is even =

By(a) = 0 for all .

Sk
(s2+a2)5/2°

Isotropic tensor Cj;(a) and quadratic term

After Taylor expanding p(x + s) to second order, the quadratic contribution to the integral is

S¢Sj

1 1
3000)@) [ a' = S(00,0)(@) Cofa).

where Cj;(a) is the symmetric tensor defined by this integral (Cj; = Cj;). The integrand and domain are
rotationally invariant = Cjj(a) is an isotropic tensor of rank 2. In 3D the only such (from the metric) is a
multiple of d;;:

Cij(a) = Xa) §;; for some scalar A(a).

Contract with d;; (trace):

2 2
) — I A PO _ 1 A 2
Ci (a)—/1R3 ($2+a2)5/2d s =3\ a) = Aa) = 3/Rs (32+a2)5/2d s o O(1/a%).

The full quadratic term is 3(9;0;p) Cij = 3A(a) VZp(z) (since (0;0;p)0;; = V2p). The remainder term
converges and scales as O(a?) as a — 0.

12



Poisson equation and boundary conditions
Limit ¢ — 0 and surface charge

Thus as a — 0,

[ B s = gt 15+ 00 ) + O

2 4
Vi, = -2 (pﬂg + 0(1/a>> — L2 10() = lim V2o, = L.
3CL 60

4eq a—0+ €0

Poisson’s equation.

Figure 3: Discontinuity in the normal component of the electric field across a surface layer of charge. n is
directed from side 1 to side 2 of the surface. o(z) := surface-charge density (C/m?).

Gauss’s Law = (Ey — E;) -n = 0/e€p, i.e., a jump o/¢p in the normal component when crossing the surface
in the direction of n.

Tangential continuity of £

Show the tangential component of E is continuous across a surface with surface charge o, using ¢ E-dl = 0.

Consider a thin rectangular loop straddling the boundary; as the short ends shrink (e — 0), only the long
sides (length L) contribute.

\ K .G.,
,-’_.'_
7T\
}Tli > L e
<. JaA - PAA I'
- .
- L""\\ gl

Figure 4: As € — 0, the loop encloses no net charge and the path becomes infinitesimally thin while still
crossing the boundary. Rectangular loop (Side 1, Side 2, length L) with field £, E,; o is the surface charge
density.

With unit tangent t, Al = Lt and Aly = —Li. So fﬂ -dl = By 1L — EioL =0 = E;1 = Eip. Hence
(Ey — E) -t =0 for any tangential t= tangential component of E is continuous.

13



Potential continuity
Potential at any point; splitting the integral

Potential at any point:

For volume or surface charge, ® is continuous; for point/line charges or dipole layers it need not be.

Key: E = —V® is bounded (finite) everywhere (normal component jumps by o /ey but stays finite).

To show ® continuous:

1) Split the potential near the surface: small disk Ds on S centered at x, with radius d, remainder S\ D;.
So ®(z) = Ii(z) + I2(x).

2) The “distant” part I: for 2’ € S\ Dy, |z — 2/| is bounded away from zero (> ¢), o bounded = I(z)

continuous at z,, and
1 /
lim [;(z) = / olz) da’.

T dmeo Js\py [Tg — 2|

Bounding I5; continuity via bounded E

3) Bound the “near” singular part I5: use local flatness of S, signed distance h along n at z,, z = x, + hn.
In the local disk Dy, |z — 2'| = \/p? + h?, dd’ = pdpde.

If |[o] < M
M [0 [ pdpde
L) dmeo Jo Jo  /p*+ h?

LM [ pdp
M Mé
= (VP — [h]) < 5
€0

2¢q

A

So I is bounded; with bounded F, the fundamental theorem gives

Zp
[D(zp) — P(z4)| = E-dl| <sup|Ey||hp — hal

Z A

along the normal = ® has a unique limit as x — z from either side.

Direct proof via bounded E

Prove ®(z) = 47}60 v ‘:’; %;% dV” is continuous everywhere in R? (even inside V'), assuming p bounded and V'
of finite extent or p decaying.

Key: £ = —V® is bounded everywhere.

For any two points z 4, x5, ®(zg) — P(z,4) = — ffjﬂ -dl.

Along a straight path, |©(zp) — ®(z4)| < [|E|5*|lzp — zal;

E bounded on compact sets = @ is (locally) Lipschitz, hence continuous.

So limgz, ®(z) = ®(z0).

14



Splitting the integral to show bounded F

2) Direct proof: split near zy: ®(x) = Ji + Jo where J; is the integral over |2’/ — zy| > §
and Jo over |2/ — 4] < 6.

J1 is continuous at z.

For Js, |p| < M; use spherical coords centered at

M av’

Cz—xo+h |J LA
Zo, Z=Zo+ 1 |2|_47’[‘60 |r‘<5|h*’l“’

For |h| < 0/2 this is bounded; maximum at h = 0:

dv’
/ o= 2762 < 0.
|r'|<é ||

So ® and V& (field from the local ball) remain bounded; V(1/r) is integrable over a ball excluding the
origin.

Green’s theorem (2D) and identities

Electrostatics and Green’s theorem (2D)

Most electrostatics problems involve finite regions with prescribed boundary conditions = Laplace/Poisson

solutions. The formula ®(z) = fv |p (@ 2| d32’ is often inadequate; techniques using Green’s theorem are
used.

Green’s theorem: line integral around a simple closed curve C' equals a double integral over the plane region
D bounded by C (2D case of Stokes).

In 1D it is the fundamental theorem of calculus; in 2D, equivalent to the divergence theorem.

Let C be positively oriented, piecewise smooth, simple closed; D the region bounded by C. If L, M are

functions of (x,y) on an open region containing D with continuous partials on D, then

f(Lda;Jery // <Eg\j—8L> d4,

path along C counter-clockwise. Used for area and centroid of plane figures.

47reo

Figure 5: Region D bounded by curves c1, ¢, c3, ¢4 with counter-clockwise orientation; x-axis bounds at a
and b.

15



Singular nature of Laplacian; identity V - (¢V))

Scalar potential as solution of Laplace’s equation; singular nature of
VA(1/|lz —2']) = —4nd(z — ).

Divergence theorem and Green’s identities convert the Poisson PDE into an integral equation by choosing
¥ =1/R = 1/|z — 2/|; appropriate boundary conditions give unique solution.
Let A = ¢V). Verify that

V-A=V-(¢VY) = ¢V + Vo - Vi

in rectangular coordinates:
V - iax +gay —{—2@2,

product rule on each component, then
PV + V¢ - Vip.

By definition of normal derivative,

oY _ _ oY
%—V¢'Eé¢v¢‘n—¢%-

Green’s first and second identities; application

Divergence theorem:
/ V- uddz = / w-ndS (unit normal n), for u € Cl(U); U bounded open, OU C*.
U U

Green’s formulas:

D:=V, A :=V?

/ Audiz = Ou ds.
U au On

/Vv-Vud3x:/uAvd3x+/ u@dS.
U U ou On

ov ou
_ 3,. _ "

Substitute V - (PV¥) and VW - n into the divergence theorem

Green’s first identity:

Green’s second:

~—

:>/(<I>V2\I’+V<I>-V\Il)d3x: ® — da. (1
\4 S on

Interchange ® and ¥ to get (2); (1)—(2) and V& - VU = VU - VO give

27 _ UU2d) 43, — oY 592 )
/V(CDV U —UVd)dx fg[@ o v 8n]da (Green’s 2nd).

For electrostatics, v = 1/R = 1/|z — 2’|, Poisson V2® = —p/ey, V*(1/|z — 2'|) = —4nd(z — 2'); rewrite
Green’s 2nd to get the integral relation involving ®, p, and surface terms.
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Green’s integral solution for ®

/V |:—47T(I)($/)5(CC—$,)—{—601R[)($/):| FE /:jé [(I)GGTL/(;) —;{S;I;] w

Identity: [ f(z)d(z —a)d®z = f(a). So

L @) s, L L1020 (1N x
<1>(g;)_4mo/v R YT b e Yo &)Y ®)

(volume integral = 0 if z outside 5).
1) If S — oo and E on S falls off faster than B2, the surface integral vanishes

2) For a charge-free volume, (*) expresses ® (solution of Laplace) in terms of & and d®/9n on the boundary—
an integral statement, not a boundary-value solution; Cauchy (both ® and 0®/9n) overspecifies the problem.

Uniqueness for Poisson with Dirichlet or Neumann

Show uniqueness of the solution of Poisson’s equation V2® = —p/ey in V with Dirichlet or Neumann
conditions on S.
By contradiction: suppose ®1, ®5 both satisfy the same b.c.
Let U = &3 — ®y; then V2U = 0, and U = 0 (Dirichlet) or %—g = 0 (Neumann) on S.
Green’s identity with ¢ =y = U:
oU

/(UV2U+]VU|2)d3x: U—=—da (¥
Vv S a?’L

Dirichlet =
/ VU Pz =0= VU =0
Vv

(since [VU|? > 0), so U constant; U = 0 on S and V connected = U =0 in V = &; = ®s.

Neumann =
U 8—U da=0
S 6n
= again [|, [VU|*d3z = 0 = uniqueness.
Electrostatic problems are specified by Dirichlet or Neumann (possibly partly at co).
Do Cauchy conditions on an open surface define a unique electrostatic problem?

Linear differential operators and Green’s function

A linear differential operator L acts on functions by linear combinations of the function and its derivatives;
L(au + Bv) = aL(u) + BL(v). Typical form:

n

L= an(x)@ + -+ ap(z);

L[y] = f(x) is nonhomogeneous, L[y] = 0 homogeneous.

Examples: Laplacian A = V2 (linear); heat operator % — kAu.

Non-example: L[y] =y g—g is not linear. A Green’s function G(z,s) for L at a point s satisfies LG(z,s) =
d(s — z). Then the solution of Lu = f is given by convolution with G (superposition).
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Green’s 2nd identity; exterior Neumann problem

1 p) 4, 1 1 09 0 (1 ,
O(x) = d — —— -0 — | =]|dd.
(z) 4meg /V R v 47 Jo | R On' on' \ R ¢

oy (0]
Vi) — pV2e) d® —j{ — — ¢ —| da.
J vt = vty da = § lo T — v 3 aa
The customary Neumann “exterior problem” has V bounded by a finite closed surface and a surface at oo
= surface area infinite = boundary condition becomes homogeneous and (®)g vanishes.

Green’s 2nd:

Green’s functions Gp, Gy for Dirichlet and Neumann

Green’s 2nd with ¢ = 1/R = 1/|z — 2/|, ¢ = ®, and V?(1/R) = —47n8(x — ') gives a result (not a solution
by itself). Green functions G(z, ') satisfy V2G = —4nd(z — '), with
1 1

T dn |z - o

+FV?F=0inV.

Using ¢ = G in Green’s theorem yields

I S U & B S 1O :
<I>(:17)—47TEO/V;)(9U)GdJU—|—47T S[Gan’ (I)an’ da'. (*)

Dirichlet: choose Gp so Gp =0on S =

1 1 JGp
P(z) = Gpd’z' — — ¢ @ da’.
() dmeg /Vp o g on ¢
Neumann: ag;,\’ = —% on S (since g % da’ = —4m, 88%,\’ = 0 is not allowed).
Fhen 1 1 [ 0D
O(z) = (P — Gyd’s +— ¢ — Gydd,
(2) = (®)s + dreg /V'O NaT dm Jg On/ naa

where (®)g is the average of ® over S.

Work and potential energy; field energy
Work to bring ¢; from infinity to z; in potential ®:

1 qj g qj
W; = ¢;®(z;); ®(z;) = > L =W, = > .
o= wlzi); ) dmeo = |z; — x| Y dreg & |z —
J#i J i J

Total potential energy:

1 4iqj 1 4i4;
Ve EY Ly e
dmeo S S Iz m gl Bmeo oo g
(divide by 2; omit self-energy).
Continuous distribution:

wo L // P)P(E) 43, 43,
8meo |z — 2’|

1

(4meg) ™" / M P2 = d(z) = W = 5 /p(m)@(fv) d3z.

One integral is

Using Poisson
V20 = —pleg: W = —620/<1>v2<1> d3a;

integration by parts =
W = 6;/]V<I>|2d3:v - 620/\}3|2d3x.

Integrand w = ¢ |E |2 is energy density.
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Self-energy vs interaction; Wi,

w = L|E|? is positive-definite; its volume integral is > 0. This seems to contradict W = g, - %4
0 5J |£Z l]'|
(e.g. two opposite charges give negative PE). The field energy includes self-energy contributions; the sum

formula does not.

Figure 6: Two point charges g1, g2 at x;, xo: field at P (position z); self-energy and interaction contributions
to energy density w.

For two point charges q1, ¢2 at z;, o,

o 1 <C]1(93$1)+QZ(93902)>'

dreg \ |z —24[3 |z — z[3

So 32m2¢yw has terms

@z —zy) - (z — z5)
|z — 2132z — 253

%
|z — z|*

@

+
|z — 2[4

(self-energy) + 2 (interaction).

Integrating the interaction term over all space: change of variable p = (z — z;)/|z; — 5],
n unit vector along x; — x4; using

pt+n
——=-V,(1/|p+n
the dimensionless integral gives
1
A = Wine = N

dreg |xy — §2|'
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Capacitance
Force from energy

Forces between charged bodies can be found from the change in total electrostatic energy under small virtual
displacements; express energy so that what varies with configuration is explicit. E.g., force per unit area on

a conductor with surface charge o(x).
Energy density near the surface: w = %eolﬂ |2 = %.

Decrease in energy when an element Aa is displaced by Ax is

2Aa A
AW~ O AaAx
2¢€0
o2
= Outward force per unit area at the surface = 5 = w
€0

(Same result from o times the field, excluding the field of the surface element itself.)

System of conductors; coefficients of capacity

For n conductors at potentials V; with total charges Q; (i = 1,...,n) in otherwise empty space, the electro-
static PE can be written in terms of potentials and geometric coefficients of capacity.

n
Vi = Z P;;Q; (potential of ith conductor; Pj; depends on geometry).

j=1
Inversion:
n
Qi = Z Ci V.
j=1
C;i = “capacities” (capacitances); Cj; (i # j) = coefficients of induction.

The capacitance of a conductor is the charge on it when held at unit potential with all others at zero. For
two conductors with equal and opposite charges in the presence of grounded conductors,
capacitance = charge on one / potential difference; express in terms of C;; using Q; = > j CiiVj.

PE:
1 1
W = 52@1% = 5201'3"/%‘/]‘-
? 2y

Expressing energy via V;, C;; or Q;, P;; allows variational methods for approximate capacitances.
Note: Error estimates for the lower bound require a Green function satisfying Dirichlet boundary conditions.
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